
Internal Model Control Design for
Input-Constrained Multivariable Processes

Ambrose A. Adegbege and William P. Heath
Control Systems Centre, School of Electrical and Electronic Engineering, University of Manchester,

Manchester M13 9PL, UK

DOI 10.1002/aic.12540
Published online April 5, 2011 in Wiley Online Library (wileyonlinelibrary.com).

Multivariable plants under input constraints such as actuator saturation are liable
to performance deterioration due to control windup and directionality change. A two-
stage internal model control (IMC) antiwindup design for open loop stable plants is
presented. The design is based on the solution of two low-order quadratic programs at
each time step, which addresses both transient and steady-state behaviors of the sys-
tem. For analyzing the robust stability of such systems against any infinity-norm
bounded uncertainty, stability test have also been developed. In particular, we note
that the controller input-output mappings satisfy certain integral quadratic constraints.
Simulated examples show that the two-stage IMC has superior performance when com-
pared with other existing optimization-based antiwindup methods. The stability test is
illustrated for a plant with left matrix fraction uncertainty. A scenario where the pro-
posed two-stage IMC competes favorably with a long prediction horizon model predic-
tive control is described. VVC 2011 American Institute of Chemical Engineers AIChE J, 57:

3459–3472, 2011
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Introduction

Control design for processes under input constraints such
as actuator saturation nonlinearities has been widely studied
either from a antiwindup design approach1–6 or from a
model predictive control (MPC) perspective.7–10 For multi-
variable or multi-input multioutput (MIMO) systems, the
presence of control input saturation introduces additional
problems due to directional change in control action also
known as process directionality11 alongside the widely
known controller windup phenomenon. These two problems,
control windup and process directionality, can result in sub-
stantial closed-loop performance degradation if not sepa-
rately accounted for during the controller design.12

One class of strongly directional multivariable systems
that have received extensive treatments in chemical engi-
neering literatures (e.g. Refs. 1,13–17) are the ill-conditioned
systems (those having large condition numbers or with gains
that depend on both the input directions and the magni-
tudes). Such class of systems are known to exhibit high sen-
sitivities to model uncertainties and input nonlinearities/
uncertainties.16,17

MPC algorithms7,10 are known to handle such problems
associated with control input saturations in multivariable
plants. However, robust MPC design techniques increase the
controller computational burden enormously and often result
in very conservative solutions or even infeasible control
problem.18

In the design of analytical dynamic controllers such as in-
ternal model control (IMC), a common approach is to first
design a linear controller neglecting the saturation and then
a saturation compensation scheme is added to provide a
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graceful closed-loop performance degradation in the pres-
ence of saturation.1 This ad hoc saturation compensation
scheme is termed as ‘‘antiwindup’’. A specific example of
antiwindup design is the modified IMC structure that may be
interpreted as solving instantaneously an optimization prob-
lem at each time step.2

Antiwindup designs must be augmented with dynamic com-
pensators to account for process directionality in MIMO sys-
tems. One approach is to scale down all the control inputs in
such a way that the control input direction is maintained.1,12

This approach has been shown to be particularly beneficial to
the control of ill-conditioned systems but may not necessarily
be optimal.1 Other optimization based schemes have been sug-
gested.11,19–22 Some of these incorporate explicit solution of
an online optimization at each time step. With modern proc-
esses, such online optimization can readily be implemented.23

This approach is described in this article. One major drawback
to some of the existing optimizing antiwindup schemes (e.g
Refs. 11, 20–21) is that while they offer optimal dynamic
behavior, their performances deteriorate significantly in steady
state especially when the constraints are active. Schemes that
guarantee optimal steady-state behavior (e.g., Ref. 24) may
have poor transient characteristics.

The focus of this study is on an IMC antiwindup scheme
that optimizes the transient performance of the system and
also guarantees steady-state optimal behavior. We consider a
general case where the plant is subject to infinity-norm-
bounded model uncertainty. We note that in this case, both
the plant uncertainty and the nonlinearity satisfy a certain
class of Integral quadratic constraints (IQC), and, therefore,
sufficient conditions can be developed for analyzing robust
stability of the stability of the constrained closed-loop sys-
tem. In particular, the unconstrained case reduces to the con-
ventional IMC structure where the robust stability is guaran-
teed by the small-gain theorem.

This article is structured as follows. The Problem setup sec-
tion describes the problem set-up and some notations. We
introduce the concept of IMC for multivariable antiwindup
design in The IMC Antiwindup section. The first contribution
of the article is presented in the section entitled Two-State
Multivariable IMC Antiwindup Structure, where we present
the two-stage IMC antiwindup for not only dealing with the
performance degradation associated with control windup and
directionality but also for ensuring steady state performance
in input constrained multivariable problem. In terms of nomi-
nal performance, the two-stage IMC compares favorably with
a long prediction horizon MPC while its computational
requirement is equivalent to that of a single-horizon MPC.
The performance of the proposed approach is illustrated via
two simulation examples involving ill-conditioned plants. The
second contribution of the article is presented in the section
entitled Stability Analysis, where sufficient robust stability
tests are constructed for the two-stage IMC antiwindup based
on IQC theory. We illustrate the stability test with a simula-
tion example. The plant model has a left matrix fraction
uncertainty as well as a control input nonlinearity.

Problem Setup

We consider a class of stable and linear systems described
by

y ¼ Guþ d (1)

where G is a rational, strictly proper transfer function matrix,
and y, d [ Lp, u [ Lm (or y, d [ lp, u [ lm) are the Laplace
transforms (or discrete equivalent, Z-transforms) of the output
signal y(t), the manipulated input signal u(t), and the output
disturbance d(t) signal, respectively. The input signal u is
constrained such that

umin
i � uiðtÞ � umax

i i ¼ 1;…;m (2)

This can be represented by the saturation function sat(.)
defined as

satðuðtÞÞ ¼
satðu1ðtÞÞ

..

.

satðumðtÞÞ

264
375 (3)

where

satðuiðtÞÞ ¼
umax
i ui > umax

i

ui umin
i � ui � umax

i

umin
i ui \ umin

i

8<: (4)

denotes the saturation nonlinearity associated with each of the
manipulated input ui(t). The system characteristic matrix C,
which describes the transient behavior of the system Eq. (1), is
defined for a square system as11

C ¼ lim
s!1 diagfsrmgG½ � or lim

z!1 diagfzrmgG½ � (5)

where ri ¼ min(ri1,ri2,…,rim) and ri,j is the relative order of
output yi with respect to manipulated input uj.

The IMC Antiwindup

The IMC structure evolution

The standard IMC structure introduced in Ref. 25 is illus-
trated in Figure 1, where G, G22, and Q denote the plant, the
model of the plant, and the IMC controller, respectively. The
design of Q for optimal performance and robustness is well
discussed in the literature.2,17 With the assumption of perfect
model, i.e., G ¼ G22, the stability of G and Q guarantees
nominal stability of the unsaturated closed-loop system.17

However, for saturating system where the actual plant
input is v(t) ¼ sat(u(t)), the standard IMC implementation
can lead to significant performance degradation, and, there-
fore nominal stability is no longer guaranteed.17 In this case,

Figure 1. The standard IMC structure.
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the plant and the model are driven by different inputs. The
resultant model/plant mismatch is shown in the following
closed-loop equation

u ¼ Qðr � dÞ þ QGðu� vÞ (6)

A first step toward avoiding the state mismatch between the
plant and the model is the conventional IMC antiwindup
structure of Figure 2.2,17 Although closed-loop nominal
stability is guaranteed when there is no model mismatch, the
nonlinear performance may be excessively sluggish. The
closed-loop equation. Eq (7) shows that the saturation effect
on the plant output is not fed back directly to the controller.
The controller only acts on the error between the reference
signal r and the output disturbance d.

u ¼ Q r � dð Þ (7)

y ¼ Gvþ d (8)

The modified IMC structure shown in Figure 3 was proposed
as an antiwindup scheme to deal with the pronounced
performance deterioration associated with the standard IMC
structure.2 Assuming no plant model mismatch, the closed
loop equations are given by

u ¼ Q1ðr � dÞ � Q2v (9)

y ¼ Gvþ d (10)

where Q ¼ (I þ Q2)
�1Q1. Here, the controller not only acts on

the error between the reference signal and the output
disturbance but it is also fed directly with information on the
saturating control actions. When the system is away from
saturation (i.e., v ¼ u), Eq. 9 and 10 reduce to the closed loop
equations for the implementation in Figure 1. For a given Q,
there are different ways of assigning Q1 and Q2. It is
imperative that appropriate choices are made to achieve a
good nonlinear performance while ensuring stability. One
factorization option is2

Q1 ¼ KQþ ðI � KÞQ 1ð Þ (11)

where K ¼ kI is a diagonal weighting matrix and k [ [0, 1].
The choice of k ¼ 1 results in the conventional IMC structure
that chops off the control input resulting in performance
deterioration (sluggish response); however, nominal stability is
guaranteed. On the other hand, the choice of k ¼ 0 corresponds
to the factorization proposed in Ref. 20. The performance in
this case can be greatly improved; however, nominal stability
of the closed-loop system is not guaranteed. Trade off between

performance and stability can therefore be achieved by
appropriate choice of k, provided Q is of minimum phase.2

Directionality compensators for multivariable IMC

Performance deterioration in multivariable plant with
input saturation can be attributed to two major factors.
These are the problems resulting from control windup and
that of directional change in control. To ensure a graceful
performance degradation in the presence of input saturation,
a particular choice of Q1 and possibly an additional nonlin-
ear element in the form of directionality compensator is
often incorporated into the controller as shown in
Figure 4.1–3,11,12,21,22,24,27 In this section, a brief review of
some of the existing directionality compensator designs is
presented within the IMC framework.

The modified IMC antiwindup structure of Figure 3 can
be considered as a special case of the scheme in Figure 4,
where the directionality compensator NL ¼ I. However, to
preserve the output direction,2 recommend the choice

Q1 ¼ fAGQ (12)

where fA is a noncausal filter that must be chosen such that
fAG|s¼1 ¼ I or fAG|z¼1 ¼ I and Q1 is of minimum phase.
These conditions ensure that Q2 is strictly proper, which
guarantees that there is no algebraic loop in the interconnec-
tion of Figure 4. It should be noted that the choice fA ¼ G�1 is
equivalent to choosing k ¼ 1 as in Eq. 11.

In the Direction Preservation (DP) approach,1 the con-
strained control action is obtained by scaling down the con-
troller outputs so that the u and v have same direction in the
event of saturation. The nonlinearity block NL in Figure 4 is
defined as

Figure 2. The conventional IMC antiwindup structure.

Figure 3. The modified IMC antiwindup structure.

Figure 4. The modified IMC structure with directionality
compensation.
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ur ¼ NLðuÞ ¼
u if u is in linear region

min
satðuiÞ
ui

n o
u if u enters saturation

(
(13)

In this case, subsequent saturation will have no effect
because its input ur always remains in the linear region. The
concept of directional preservation has been shown to be
beneficial for some class of constrained multivariable control
problems.1,3,12

A number of optimization based conditioning techniques
(OCTs) have also been proposed in the literature.20–22 All
these are extensions of the conditioning techniques originally
discussed in Ref. 19, which is based on the concept of real-
izable reference denoted as wr. When a controller output is
infeasible, a realizable control input ur is obtained by solv-
ing an online optimization problem such that the realizable
reference wr is as close as possible to the actual process set
point r. Following the development in Ref. 21, the NL is
defined as

ur ¼ argmin
ur

kD�1
k ur � D�1

k uk2W (14)

subject to the constraints

umin
i � uri � umax

i i ¼ 1;…;m

where Dk is the nonsingular feedthrough matrix of the
equivalent classical feedback controller K. The relationship
between K and Q can be derived as K ¼ Q(I � G22Q)

�1. We
note that for strictly proper system, Dk ¼ K(1) ¼ Q(1). The
positive definite matrix W takes into account the relative
importance of achieving the objectives represented by each
component of ur. To address the optimality questions associated
with both the modified IMC and DP schemes,11 The authors in
ref 11 have suggested the optimal dynamic compensator (ODC)
by solving the following optimization problem

min
ur

kPCur � PCuk2W (15)

subject to the constraints

umin
i � uri � umax

i i ¼ 1;…;m

where P is a diagonal matrix whose diagonal elements depend
on the relative orders of each of the controlled output, C is the
characteristic matrix of the plant, and W is a positive definite
weighting matrix. In this approach, the characteristic matrix C
contains information about the directional nature of the plant;
thus, the constrained optimization of Eq. 15 is such that the
components of ur � u in the high-gain plant direction are
minimized. However, as the characteristic matrix only
characterizes the sensitivity of plant to input changes over a
very short horizon, the optimality of the solution is only

guaranteed over a very short-time horizon.11 The use of steady-
state structural properties such as the steady state gain was
suggested in Ref. 24, but only in the context of cross directional
control. The scheme in Ref. 24 guarantees optimal steady-state
performance by solving the following optimization problem

min
ur

kKpu
r �Kpuk2W (16)

subject to the constraints

umin
i � uri � umax

i i ¼ 1;…;m (17)

where W is a positive definite symmetric matrix, and Kp is the
steady-state gain G(0) [or G(1) for discrete systems]. The
steady-state gain can be obtained from the plant’s state-space
matrices as G(0) ¼ �CA�1B for G(s) [or G(1) ¼ C(I � A)�1B
for G(z)], provided A (or I � A) is nonsingular. This scheme
may lead to a degraded transient performance especially when
Kp is significantly different from C.

In Table 1, we categorize these antiwindup schemes
according to their performance characteristics during tran-
sient stage and steady state when one or more of the input
constraints are active. None of the schemes guarantees opti-
mal performance at both phases.

Two-Stage Multivariable IMC Antiwindup
Structure

We now consider the two-stage IMC antiwindup scheme of
Figure 5. The approach is based on the solution of two quad-
ratic programs (QP) termed the dynamic QP and the steady-
state QP. While the former addresses the transient behavior of
the plant and ensures that the constrained plant response is as
close as possible to the unconstrained plant response, the latter
ensures optimal steady-state performance and it is based on
steady-state properties of the plant. The idea of using a sepa-
rate QP to calculate steady-state set points has been previ-
ously introduced in MPC formulations.7–9,28

Because of the presence of saturation nonlinearities in the
system, the output of the constrained system y differs from

Table 1. Performance Comparison of Multivariable Antiwindup Schemes

Modified
IMC

Direction
Preservation

Conditioning
Technique

Optimal
Dynamic Compensation

Optimal
Steady State

Transient performance Optimal Poor Optimal Optimal Poor
Steady-state performance Poor Good Poor Poor Optimal

Figure 5. The two-stage IMC antiwindup.
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y0, the output of the unconstrained system. In general, the
control objective is to keep every output y of the constrained
system as close as possible to those of the unconstrained sys-
tem y0. We define the mapping

y0 ¼ Pu and y ¼ Pv (18)

where P represents the plant operator. v and u are the
constrained and unconstrained control inputs, respectively.
Mathematically, we seek a feasible control input v* that is a
solution to the following constrained optimization problem.

v� ¼ argmin
v

kPv� Puk2W (19)

subject to the constraints

umin
i � vi � umax

i i ¼ 1;…;m (20)

W is assumed to be positive definite symmetric matrix.
For the system (Eq. 1) where p ¼ m, the initial response

of the system output to step change in the input vector
depends on the characteristics matrix C.11,29 Therefore, the
plant operator P can be chosen as the characteristic matrix C
of the plant. Making this substitution in Eq. 19 results in the
following optimization problem

v� ¼ argmin
v

kCv� Cuk2W (21)

subject to the constraints

umin
i � vi � umax

i i ¼ 1;…;m

The steady-state aspect of the control problem is to determine
appropriate values of (ys and us) satisfying

ys ¼ Kpus þ ~d (22)

where us is the steady-state control input that makes the
controlled variable achieve ys in steady-state. d̃ is the
disturbance estimate obtained as the difference between
the measured plant output y and the model output ỹ. Kp is
the nonsingular steady-state gain of the plant. Ideally, ys ¼ r.
If, however, the input constraints are active in steady-state,
then ys may not attain the target prescribed by the reference
signal r. The objective is then to find feasible ys (or us) such
that ys is as close as possible to r in some sense and within the
limit imposed by the input constraints.

The solution of the following QP can be used to determine
a feasible steady-state target ys that should be applied as
shown in Figure 5 such that the closed-loop response in
steady state ys is as close as possible to r.

y�s ¼ argmin
us;ys

kr � ysk2Qss
(23)

subject to the constraints

umin
i � usi � umax

i i ¼ 1;…;m �Kp I
� � us

ys

� �
¼ ~d

where Qss is a positive definite symmetric matrix for
penalizing deviations in each of the controlled variables and

their relative importance. The equality constraint guarantees
the steady-state requirement of Eq. 22. If the set-point target is
achievable in steady state, the difference between the reference
signal r and the current disturbance estimate d̃ is passed to the
dynamic optimization problem for computation of the control
input v. If, on the other hand, the steady-state target is not
achievable due to the violation of one or more of the
constraints in steady state, a feasible steady-state target ys is
computed such that ys is as close as possible to the reference
signal r. The difference between the feasible steady-state
target and the current disturbance estimate is then passed to the
dynamic optimization problem.

The equality constraint can be eliminated from Eq. 23 to
obtain an equivalent optimization problem

u�s ¼ argmin
us

kr � ~d �Kpusk2Qss
(24)

subject to the constraints

umin
i � usi � umax

i i ¼ 1;…;m

This transformed problem optimizes over variable us and takes
as input the difference between the reference signal r and the
disturbance estimate d̃. If u�s is an optimal solution of Eq. 24,
then the optimal solution y�s of the original problem (Eq. 23) is
obtained via the steady-state model of Eq. 22.

The two artificial nonlinearities. Eqs (21 and 24) may be
rewritten in the standard QP form as

v� ¼ argmin
1

2
vTH1v� vTH1u

subject to Lv � b
(25)

u�s ¼ argmin
1

2
uTsH2us � uTs

~HT
2 ðr � ~dÞ

subject to Lus � b
(26)

where H1 ¼ H̃T
1 H̃1 and H2 ¼ H̃T

2 H̃2 are symmetric
positive definite Hessian matrices defined in terms of the
plant structural properties, i.e., H̃1 ¼ C and H̃2 ¼ Kp. The
fixed terms L and b in the inequality constraints are
obtained as

L ¼ �Im
Im

� �
and b ¼ �umin

umax

� �
(27)

with umin ¼ [umin
1 , ���, umin

m ]T and umin ¼ [umax
1 , ���, umax

m ]T. The
solutions v* and u�s of Eqs. 25 and 26 are unique if the
characteristics matrix C and the steady-state gain Kp are
nonsingular. We now summarize the first contribution of this
article in the following control algorithm.

Two-stage IMC antiwindup control algorithm

Given an open-loop stable plant G with a nominal
model G22, and feasible optimal values v* and u* satisfy-
ing Eqs. 25 and 26, respectively. The control law that
achieves combined optimal transient and steady-state per-
formance for the two-stage IMC antiwindup structure of
Figure 5 is given by
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~d ¼ y� G22v
�

u�s ¼ w2ðr; ~dÞ
y�s ¼ ~H2u

�
s þ ~d

u ¼ Q1ðy�s � ~dÞ � Q2v
�

v� ¼ w1ðuÞ

(28)

where w1 and w2 are nonlinear functions representing the QPs,
i.e., Eqs. 25 and 26, respectively.

Without the constraints, the control law reduces to the
unconstrained standard IMC control equation

~d ¼ y� G22u

u ¼ ðI þ Q2Þ�1Q1ðr � ~dÞ
(29)

Correct steady-state behavior is ensured by designing Q such
that Q(0) ¼ G(0)�1 for G(s) or Q(1) ¼ G(1)�1 for G(z). If
constraints are active in steady state, then optimal steady-state
behavior is guaranteed by solving Eq. 24 subject to the
constraints.

Remark 1. For the class of systems whose characteristics
matrix C and steady-state gain Kp are similar, the optimiza-
tion problem in Eqs. 21 effectively meets the steady-state
requirement of Eq. 24. Hence, only Eq. 21 needs to be
solved to achieve both optimal transient and steady-state
responses in the presence of control input saturation.

Example 1. Consider the following example taken from
Ref. 2, where

GðsÞ ¼ 10

100sþ 1

4 �5

�3 4

� �
(30)

with |ui| � 1, i ¼ 1,2 and a step reference input of [0.63 0.79]T.
The classical IMC controller design for a step input is

QðsÞ ¼ 100sþ 1

10ð20sþ 1Þ
4 5

3 4

� �
(31)

and the corresponding unity feedback controller is

KðsÞ ¼ 100sþ 1

200s

4 5

3 4

� �
(32)

Following the development in Ref. 2, the plant model is
slightly modified as

eGðsÞ ¼ 10

100sþ 1

4 �5
0:1sþ1

�3
0:1sþ1

4

� �
(33)

to satisfy the requirement of fAG(s)|s¼1 ¼ I. The noncausal

filter fA is then designed for eGðsÞ such that fA eG(s)|s¼1 ¼ I,
where fA ¼ 2.5(s þ 1)I. The factorization of Q(s) is obtained as

Q1 ¼ fA eGQ. In this example,

Kp ¼
40 �50

�30 40

� �
; C ¼ 0:4 �0:5

�0:3 0:4

� �
;

and D�1
k ¼ 8 �10

�6 8

� �

Observe that

C ¼ 1

100
Kp and D�1

k ¼ 1

5
Kp

so the directionality compensators of Eqs. 14 and 15 are
equivalent and effectively meet the criterion for optimal
nominal steady-state performance of Eq. 16. This is depicted
in Figure 6 where the closed-loop responses for DP,1 OCT,21

ODC,11 and OSS24 schemes are the same.
Example 2. This example is taken from Ref. 11 where the

state-space model of the process is given as

_x1
_x2

� �
¼ �0:01 �0:0002

�0:5 �0:03

� �
x1

x2

� �
þ 0:25 0

0 4

� �
u1

u2

� �
y1

y2

� �
¼ 1 0

0 1

� �
x1

x2

� �
ð34Þ

with |u1| � 0.12 and |u2| � 0.12 and a set point change of [0.85
2.2]T.

The plant can be represented in continuous-time transfer
function as

GðsÞ ¼
0:25ðsþ0:003Þ

s2þ0:04sþ0:0002
�0:0008

s2þ0:04sþ0:0002
�0:125

s2þ0:04sþ0:0002
4ðsþ0:01Þ

s2þ0:04sþ0:0002

" #
(35)

The classical IMC controller design for a step input is

QðsÞ ¼
4sþ0:04
5sþ1

0:0008
2sþ1

0:125
5sþ1

0:25sþ0:0075
2sþ1

" #
(36)

and the corresponding unity feedback controller is

KðsÞ ¼
4sþ0:04

5s
0:0008
2s

0:125
5s

0:25sþ0:0075
2s

� �
(37)

The controller Q(s) is factorized based on the modified IMC
approach as Q1 ¼ fAGQ and Q2 ¼ fAG � I with

Figure 6. Example 1: The modified IMC antiwindup
(MIA, ‘1’) yields a faster response for the first
output at the expense of a poor transient
response in the second output, whereas the
other schemes (DP, OCT, ODC, OSS, and
two-stage IMC, ‘o’) all yield same response.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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fA ¼ 4ðsþ 1Þ 0

0 0:25ðsþ 1Þ
� �

(38)

With relative orders r1 ¼ 1 and r2 ¼ 1 , the plant structural
matrices are given as

Kp ¼
37:5 �4

�625 200

� �
; C ¼ 0:25 0

0 4

� �
;

D�1
k ¼ 0:8 0

0 0:125

� �
The plant has a diagonal characteristic matrix that is
significantly different from the steady-state gain matrix, and,
hence, the ODC11 will result in a different steady-state
performance when compared with the OSS24 scheme. Figure
7 shows the two-stage IMC results in the closest closed-loop

performance to the unconstrained case when compared with
the other antiwindup schemes.

We also compare the performance of the two-stage IMC
with a particular MPC formulation.10 We consider two MPC
cases; a single-horizon MPC (prediction horizon Np ¼ 1 and
control horizon Nc ¼ 1) and a long-horizon MPC (prediction
horizon Np ¼ 100 and control horizon Nc ¼ 50). The closed-
loop responses in Figures 8 and 9 show that the two-stage
IMC competes favorably with a long-horizon MPC while
only requiring the computation equivalent to that of a single-
horizon MPC.30 However, it is envisaged that a long-horizon
MPC will outperform the two-stage IMC especially when
there are high-order unmodeled dynamics in the system. The
two-stage IMC does not require the receding horizon compu-
tation of MPC and may serve as a less computationally in-
tensive and more transparent (in terms of tuning for robust-
ness) alternative to MPC.

Stability Analysis

We assume the plant as represented in Figure 10, where G
maps qD,v to pD,y according to

pD
y

� �
¼ G11 G12

G21 G22

� �
qD

v

� �
qD ¼ DpD

(39)

and D is a causal, linear time invariant (LTI) operator
satisfying kDk1 \ 1.

The transfer function from v to y is given by

Figure 8. Two-stage IMC (‘1’) outperforms the single-
horizon MPC (sMPC ‘o’) and yields similar
reponse to long-horizon MPC (IMPC ‘*’).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 7. Example 2: Two-stage IMC (TIMA) yields the
closest performance to the unconstrained
case.

DP and OSS schemes have improved steady-state behaviors
but poor transient characteristics as opposed to the OCT
and ODC schemes, both of which have optimal transient
behaviors but degraded steady-state performances. [Color
figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]

Figure 9. Constrained input: two-stage IMC (‘1’), sin-
gle-horizon MPC (sMPC ‘o’), and long-horizon
MPC (IMPC ‘*’).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 10. General plant uncertainty description.
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y ¼ ½G22 þ G21DðI � G11DÞ�1G12�v (40)

where G22 is the nominal model, and G11, G12, and G21 are
known transfer functions. A number of unstructured uncer-
tainty descriptions can be put into this general form.31 For
example, feedback uncertainty description is obtained by
setting

G ¼ �W1G22W2 W1G22

�G22W2 G22

� �
(41)

Similarly, additive or multiplicative uncertainty descriptions
can be obtained by setting

G ¼ 0 W1

W2 G22

� �
or G ¼ 0 W1G22

W2 G22

� �
(42)

where W1 and W2 are frequency-dependent stable transfer
functions.

Following the convention of optimizing antiwindup
designs, artificial nonlinearities are introduced such that the
input saturation nonlinearities are never active and may be
safely ignored as shown in Figure 5.

For the purpose of stability analysis, we consider the
standard feedback interconnection of Figure 11, where all
exogenous inputs and output signals have been ignored. M is
a LTI system operator, and D̂ is a block diagonal operator
defined by

D̂ ¼ diagðw1;…;wm;D1;…;DkÞf g (43)

where wi: l
m[0,1)! lm[0,1) is a static operator and Di: l

ni[0,
1) ! lni[0, 1) is some unknown operator. The input-output
map is defined by the equations

q ¼ D̂p; p ¼ Mq (44)

As practical implementations of most control systems require
the use of digital devices or computers, we restrict our
following discussions to discrete-time systems although
continuous-time analysis follows naturally.

Definitions and existing results

Definition 1 (Strongly positive realness (SPR)32) SPR.
A square transfer function matrix G is, SPR if
1. G is asymptotically stable.
2. G(ejw) þ G*(ejw) is positive definite Vw [ [0,2 p]
3. G(1) þ G(1)T [ 0.

Definition 2 (Sector-bound nonlinearity32. Let w(x,k): Rm

� N ! Rm be a memoryless (possibly time varying)

nonlinearity and K ¼ K1 � K2 ¼ KT for some K1, K2 [
Rm�m. We say w(x,k) [ [K1,K2] if

½/ðx; kÞ � K1x�T ½/ðx; kÞ � K2x� � 0 8 x 2 Rm

and k 2 N ð45Þ
Certain QPs that must be solved by most optimizing
antiwindups and MPC have been shown to satisfy some
sector-bound conditions.27 The following lemmas allow the
extension of the sector-bound and the multivariable circle
criterion results to such systems.

Lemma 1 (QP as a sector bounded non-linearity27).
Let w be given by the following general QP

wðxÞ ¼ argmin
v

1

2
vTHv� vTFx

subject to Av � b with b�0 and Cv ¼ 0 ð46Þ
if H has full rank and 0 is always feasible then the static
nonlinearity w satisfies

wðxÞTHwðxÞ � wðxÞTFx � 0 8 x (47)

Proof. See Ref. 27. n

The QPs (Eqs. 25 and 26) appear as special cases of Eq.
46 and satisfy the generalized sector-bound condition (Eq.
47) with the fixed term F set as H1 and H̃T

2 , respectively.
Lemma 2 (Multivariable circle criterion27,32) Suppose

w(.) is given as Eq. 46 and satisfies the sector condition (Eq.
47). If H þ FG(.) is SPR, then the feedback interconnection
of w(.) and the plant G(.) is asymptotically stable.

Proof. See Ref. 27. n

Definition 3 (IQC33,34). Consider the feedback intercon-
nection of Figure 11 and let P be a bounded and self-adjoint
operator. Then D satisfies the IQC defined by P or simply D
[ IQC(P) if.

p

q

� �
; P

p

q

� �� �
� 0 (48)

where h.,.i denotes the inner product and P is an operator
satisfying

PðejwÞ ¼ P�ðejwÞ 8 w 2 ½�p; p� and p; q 2 l2½0;1Þ (49)

The argument (ejw) will be omitted afterward to maintain
compactness of expressions.

If D has the block diagonal structure D ¼ diag[D1, D2]
and Di satisfies the IQC defined by

Pi ¼ Pið11Þ Pið12Þ
P�

ið12Þ Pið22Þ

� �
for i ¼ 1; 2

then, the diagonal operatorD operator satisfies the IQCdefinedby

P ¼ daugðP1;P2Þ ¼
P1ð11Þ

P2ð11Þ
P�

1ð12Þ
P�

2ð12Þ

�����
P1ð12Þ

P2ð12Þ
P2ð22Þ

P2ð22Þ

2664
3775

Figure 11. General feedback interconnection for stabil-
ity analysis.
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Here, daug(.) represents the diagonal augmentation of the
operators Pi, i ¼ 1,2.

Robust stability analysis of standard IMC antiwindup
with a QP

It has been reported in Ref. 35 that robust stability of optimiz-
ing antiwindup schemes can be demonstrated using the sector
bound condition. Such optimizing antiwindup schemes2,11,20,22,24

may be realized in the IMC framework of Figure 12, where
directionality compensation is introduced via the QP w1 defined
in Eq. 25. We have the controller equation as

~d ¼ y� G22q1

p1 ¼ Q1ðr � ~dÞ � Q2q1

q1 ¼ w1ðp1Þ
(50)

In what follows, we derive the sufficient stability condition
using the theory of IQCs.33,34 The antiwindup structure of
Figure 12 can be transformed into the general feedback
interconnection of Figure 13 by defining

p ¼ pD
p1

� �
and q ¼ qD

q1

� �
(51)

so that

D̂ ¼ D
w1

� �
(52)

M ¼ G11 G12

�Q1G21 �Q2

� �
(53)

We have D [ IQC(PD) and w1 [ IQC(Pw1
) with

PD ¼ I
�I

� �
Pw1

¼ 0 H1

H1 �2H1

� �
(54)

It follows immediately that D [ IQC(aPD) and w1 [
IQC(b1Pw1

) for a, b1 [ 0.
The stability condition for the antiwindup structure of

Figure 12 based on the results in Refs. 33 and 34 is stated in
the following theorem.

Theorem 1 (IQC stability theorem)

Given a stable plant G (Eq. 39) in feedback interconnec-
tion with controller (Eq 50). Let M be the LTI portion of the

closed-loop system and D and w1 satisfy the IQC defined by
Eqs. 48 and 54, respectively, such that we can write

PD̂ ¼
aI

0

0

b1H1

0

b1H1

�aI
�2b1H1

��������
3775

2664 (55)

Then the closed-loop system is stable provided

M

I

� ��
PD̂

M

I

� �
� � e I (56)

for some e[ 0, for all w [ [�p, p].
Proof. See Ref. 33.

The condition (Eq. 56) is equivalent to

S11
S21

�����S12S22

" #
� eI (57)

with

S11 ¼ aðI � G�
11G11Þ

S21 ¼ S�12 ¼ b1H1Q1G21 � aG�
12G11

S22 ¼ b1ðH1Q2 þ Q�
2H1 þ 2H1Þ � aG�

12G12

For the case where the control input signal is unconstrained
such that Q ¼ (I þ Q2)

�1Q1 and the plant is given by Eq. 39,
stability condition for such systems is well established17 and
may be obtained via the small gain theorem as

kG11 � G12QG21k1 � 1 (58)

For the constrained nominal (perfect model assumption) case,
the IMC antiwindup of Figure 12 can be put into the feedback
structure of Figure 11 with

D̂ ¼ w1 and M ¼ �Q2 (59)

The closed loop consisting of the feedback interconnection
defined by Eq. 59 with w1 satisfying Eq. 47 is stable if (H1Q2

þ H1) is SPR. We may write this as

H1Q2 þ Q�
2H1 þ 2H1 > 0 (60)

The stability condition (Eq. 60) follows from direct application
of multivariable circle criterion and Lemmas 1 and 2. (See
Refs. 27 and 32).

Figure 12. Standard IMC antiwindup with QP for stabil-
ity analysis.

Figure 13. Feedback interconnection for standard IMC
antiwindup with QP.
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Remark 2. The stability conditions (Eqs. 58 and 60) may
also be obtained via the IQC theorem by noting that w1 and
D satisfy the IQCs defined by Eq. 54. The IQC stability con-
dition (Eq. 56) then reduces to Eqs. 58 and 60.

Robust analysis of two-stage IMC antiwindup

In this section, we consider the robust stability analysis of
the two-stage IMC antiwindup scheme. Reorganizing the
two-stage structure of Figure 5 in terms of the transformed
steady-state QP (Eq. 26), we obtain an equivalent structure
of Figure 14. The IMC controller Q is designed a priori to
meet some nominal performance specifications, and then fur-
ther augmentations are introduced to deal with performance
deterioration in the face of control input saturations and
model uncertainties. We analyzed the stability of the two-
stage IMC antiwindup for three cases: (a) the robust stability
of the unconstrained structure; (b) the constrained nominal
stability; and (c) the complete stability involving the input
nonlinearities and the model uncertainties.

Unconstrained robust stability analysis For the uncon-
strained case where Q ¼ (I þ Q2)

�1Q1, the two-stage IMC anti-
windup scheme reduces to the standard IMC without an antiwindup
compensation. In this case, the controller (Eq. 28) reduces to

~d ¼ y� G22q1

q1 ¼ ðI þ Q2Þ�1Q1ðr � ~dÞ ¼ Qðr � ~dÞ
(61)

The closed-loop is completely described by

qD ¼ DpD
pD ¼ ðG11 � G12QG21ÞqD þ G12Qðr � dÞ (62)

Robust stability result for this case is standard and can be
obtained via the application of small-gain theorem17 or the
IQC theorem.36

Result 1. Given a stable plant G (Eq. 39) in feedback
interconnection with controller (Eq. 61). Then the closed-
loop system is stable for all kDk1 \ 1, provided

kG11 � G12QG21k1 � 1 (63)

Proof. From the closed-loop equation (Eq. 62), we have M ¼
G11 � G12QG21 and D̂ ¼ D. The result follows from the
application of IQC stability condition (Eq. 56). n

Constrained nominal stability analysis

When the plant is assumed to be perfectly known (G ¼
G22), the two-stage IMC antiwindup structure becomes a

quasi-open loop system as the outer loop in Figure 14 repre-
sents a feedforward of the influence of disturbance d and is
not affected by the action of the manipulated variable. The
only remaining closed-loop is the feedback around the nonli-
nearity w1. The overall system is stable if and only if both
the plant and the algebraic loop are stable. The closed-loop
equations around the nonlinearity is given by

q1 ¼ w1ðp1Þ
p1 ¼ �Q2q1 þ Q1

~H2q2

q2 ¼ w2ðr � dÞ
(64)

Result 2. Given a stable plant G ¼ G22 in feedback
interconnection with controller of the form (Eq. 28) with w1

and w2 satisfying the sector-bound condition (Eq. 47). Then
the closed-loop antiwindup system is stable provided

b1ðH1Q2 þ Q�
2H1 þ 2H1Þ � b21

2b2
H1Q1Q

�
1H1 � e I (65)

for some e, b1, b2 [ 0, for all w [ [�p, p]

Proof. From Eq. 64, we have

M ¼ �Q2 Q1
~H2

0 0

� �
and D̂ ¼ w1

w2

� �
with w1 and w2 satisfying the IQCs defined by Eqs. 54 and 66,
respectively.

Pw2
¼ 0 ~H2

~HT
2 �2H2

� �
(66)

PD̂ then becomes

PD̂ ¼
0

0

b1H1

b2 ~H
T
2

b1H1

b2 ~H2

�2b1H1

�2b2H2

��������
3775

2664 (67)

The result follows from the application of IQC stability
condition (Eq. 56) followed by the application of Schur
complements. n

Complete stability analysis of two-stage IMC antiwindup

The antiwindup structure of Figure 14 is transformed into
the general feedback structure of Figure 15 by defining

Figure 14. Two-stage IMC antiwindup for stability
analysis.

Figure 15. Feedback interconnection for two-stage
IMC antiwindup.
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p ¼
pD
p1
p2

24 35 and q ¼
qD
q1
q2

24 35 (68)

so that

D̂ ¼
D

w1

w2

24 35 (69)

M ¼
G11 G12 0

0 �Q2 Q1
~H2

�G21 0 0

24 35: (70)

We have D [ IQC(PD), w1 [ IQC(Pw1
) and w2 [ IQC(Pw2

)
where PD, Pw1

and Pw2
are as defined in Eqs. 54 and 66.

The D̂ defined in Eq. 69 satisfies the IQC D̂ [ IQC(PD̂) with

PD̂ ¼ PD̂
11 PD̂

12

PD̂
21 PD̂

22

" #
¼ daugðaPD;b1Pw1

;b2Pw2
Þ (71)

where

PD̂
11 ¼

aI

0

0

264
375; PD̂

12 ¼
0

b1H1

b2 ~H2

264
375

PD̂
21 ¼

0

b1H1

b2 ~H
T
2

264
375 and

PD̂
22 ¼

�aI

�2b1H1

�2b2H2

264
375

for any choice of multipliers a, b1, b2 [ 0. We note that the
top left quadrant of PD̂ is positive semidefinite (PD̂

11 � 0),
whereas the bottom right quadrant of PD̂ is negative
semidefinite (PD̂

22 � 0) and so sD̂ [ IQC(PD̂) for all 0
� s � 1.

We now state the stability result for the complete two-
stage IMC antiwindup structure.

Result 3. Given a stable plant G (Eq. 39) in feedback
interconnection with controller of the form (Eq. 28) with D,
w1 and w2 satisfying the IQC defined by Eqs. 48, 54 and
66, respectively. Then the closed-loop antiwindup system of
Figure 14 is stable, provided

X11

X21

�����X12

X22

" #
� eI (72)

for some e[ 0, for all w [ [�p, p] with

X11 ¼ aðI � G�
11G11Þ � b2

2
G�

21G21

X21 ¼ X�
12 ¼

b1
2
H1Q1G21 � aG�

12G11

X22 ¼ b1ðH1Q2 þ Q�
2 þ 2H1Þ � aG�

12G12 � b21
2b2

H1Q1Q
�
1H1

Proof. The two-stage IMC antiwindup structure of Figure 14
can be transformed into the general feedback interconnec-
tion of Figure 11, with M and D̂ defined in Eqs. 70 and 69,
respectively. The IQC stability condition of Eq. 56
reduces to

aðI � G�
11G11Þ �aG�

11G12

�aG�
12G11 b1ðH1Q2 þ Q�

2H1 þ 2H1Þ � aG�
12G12

b2 ~H
T
2G21 � b1 ~H

T
2Q

�
1H1

b2G
�
21

~H2

�b1H1Q1
~H2

2b2H2

��������
3775�e I

2664 (73)

The result follows after the application of Schur complements
to Eq. 73 and using the fact that the bottom right block is
positive definite and thus its inverse exists. n

Note that S and X on the left-hand sides of Eqs. 57 and
72, respectively, are both partitioned Hermitian matrices.
Their structures can be exploited to establish a relationship
between the robustness of the two-stage IMC antiwindup
and the standard IMC antiwindup with a QP.

Remark 3. The condition given in Eq. 57 is a necessary but
not sufficient for Eq. 72 to hold. The condition given in Eq. 72
can be expressed as X ¼ S � Z[0, where Z is given as

b2
2
G�

21G21
b1
2
G�

21Q
�
1H1

b1
2
H1Q1G21

b21
2b2

H1Q1Q
�
1H1

24 35
¼ 1

2b2

b2G
�
21

b1H1Q1

� �
b2G21 b1Q

�
1H1½ � � 0 ð74Þ

The positive definiteness of X implies that S is also positive
definite. On the other hand, X is positive definite if and only if
S[ 0 and S[ Z.

If M is assumed to have the following minimal state-space
representation

AM BM

CM DM

� �
	 M ¼ CMðzI � AMÞ�1BM þ DM (75)

where AM is Hurwitz and the pair (AM, BM) is controllable,
then the frequency-domain stability condition (Eq. 72) can be
transformed into the following linear matrix inequalities via
the discrete-time Kalman-Yakubovich-Popov lemma. Then,
the system is stable provided that there exists a matrix P ¼ PT

satisfying

AT
MPAM � P AT

MPBM

BT
MPAM BT

MPBM

� �
þP � 0 (76)
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We note that PD̂ is static and depends on the positive definite
parameters a, b1, and b2. Then we may write P as

P ¼ P11 P12

P21 P22

� �
(77)

with

P11 ¼ CT
MP

D̂
11CM

P12 ¼ P�
21 ¼ CT

MP
D̂
12 þ CT

MP
D̂
11DM

P22 ¼ PD̂
22 þPD̂

21DM þ DT
MP

D̂
12 þ DT

MP
D̂
11DM

(78)

Simulation Example

We now illustrate the stability test for the two-stage IMC
antiwindup where the plant nominal model has the following
left matrix fraction factorization D�1N such that the per-
turbed plant (Figure 16) can be expressed as

G ¼ ðDþWDLDDWDRÞ�1ðN þWNLDNWNRÞ (79)

This can be put in the form of Figure 10 with

G ¼
0 0

WDRD
�1WNL �WDRD

�1WDL

D�1WNL � D�1WDL

�����
WNR

WDRD
�1N

D�1N

2664
3775 (80)

and

Du ¼ DN

DD

� �
; p1 ¼ pN

pD

� �
; q1 ¼ qN

qD

� �
(81)

where WDL, WDR, WNL, and WNR are weighting transfer
function matrices. We will assume that the uncertainties
satisfy kDNk1 \ 1 and kDDk1 \ 1 so that Du [ IQC(Pu(aN,
aD)) with

PuðaN ; aDÞ ¼ diagðaNI; aDI;�aNI;�aDIÞ (82)

for any aN, aD [ 0.
Example 3. We consider Example 2 again. The plant is

discretized using a sampling time of Ts ¼ 0.2 resulting in
the following discrete time transfer function matrix descrip-
tion of the nominal plant.

G ¼ 1

g
ð4:995z� 4:965Þ10�2 �ð1:596zþ 1:591Þ10�5

�ð2:493z� 24:87Þ10�2 ð7:976z� 7:96Þ10�1

� �
with g ¼ z2 � 1.992z þ 0.992 and sampling time. The standard
IMC controller designed based on the approach of Ref. 2 for a
step input is

Q1 ¼
0:8 0

0 0:125

� �
Q2 ¼ 1

g

ð3:796z� 3:773Þ10�2 ð�6:537zþ 5:914Þ10�3

ð�6:502zþ 6:247Þ10�4 ð9:372z� 9:353Þ10�2

� �
For the two-stage design, we chose eH1 and eH2 as the plant
characteristic matrix (in the notion of Ref. 11) and the steady-
state gain,37 respectively.

~H1 ¼ 0:25 0

0 4

� �
and ~H2 ¼ 37:5 �4

�625 200

� �
A time-domain simulation of the plant was carried out for a
particular value of model mismatch DN ¼ DD ¼ (0.1z �
0.09602) (z � 0.9881)�1 with infinity norm of 0.33. The left
fraction matrix nominal model for the plant was chosen as G22

¼ D�1N with N ¼ G22 and D ¼ I. The uncertainty weights

Figure 16. Plant with matrix fraction uncertainty for
simulation.

Figure 17. Simulations in time domain.

A: Unconstrained nominal system; B: perturbed unconstrained; C: perturbed with a single-stage IMC AW; D: perturbed with two-stage
IMC AW. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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were set asWNL ¼WDL ¼ [1 1]T andWNR ¼WDR ¼ [1 1]. The
simulation was carried out for a total of 160 s. Step changes
were made to the reference inputs at time t ¼ 120 s and 140 s.
Figure 17 shows the output responses of both the perturbed
and the unperturbed systems using the IMC antiwindup
schemes of section. Figure 18 shows the eigenvalues plot of
the left-hand side of frequency-domain condition (Eq. 72)
evaluated for Vw [[0, p] and for a case where all the
multipliers were set as unity.

Conclusions

We have demonstrated the effectiveness of the two-stage
IMC antiwindup in dealing with the performance degradation
associated with control windup and process directionality in
input-constrained multivariable systems. The two-stage IMC
antiwindup involves two low-order QPs that can be solved
efficiently when compared with the intensive receding hori-
zon control computation of MPC algorithms. We have also
shown that sufficient robust stability conditions for the two-
stage IMC antiwindup can be constructed via the theory of
IQCs. Although we have limited our discussions to a re-
stricted class of static IQCs for describing the plant uncer-
tainties and input nonlinearities, stronger results may be
obtained by allowing a larger class of IQCs with dynamic
multipliers such as those discussed in Ref. 38. We note that
the overall performance of optimizing antiwindups can be
improved without necessarily trading off on robustness as
demonstrated via the simulation examples.
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Switzerland: Birkhäuser Verlag Bassel, 2000:163–179.

31. Dullerud GE, Paganimi F. A Course in Robust Control Theory: A
Convex Approach. New York: Springer-Verlag, 2000.

32. Khalil HK. Nonlinear Systems. Upper Saddle River, NJ: Prentice-
Hall, 2000.

Figure 18. Eigenvalues of X evaluated for all w [ [0,p]
and with a 5 b1 5 b2 5 1.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

AIChE Journal December 2011 Vol. 57, No. 12 Published on behalf of the AIChE DOI 10.1002/aic 3471



33. Megretski A, Rantzer A. System analysis via integral quadratic con-
straints. IEEE Trans Automatic Control. 1997;42:819–830.

34. Jönsson U, Rantzer A. Optimization of integral quadratic con-
straints. In: Ghaoui LE, Niculescu S, editors. Advances in Linear
Matrix Inequality Methods in Control: Advances in Design and Con-
trol. Philadelphia, USA: Society for Industrial and Applied Mathe-
matics, 2000:109–127.

35. Heath WP, Li A, Wills AG, Lennox B. The robustness of input con-
strained model predictive control to infinity-norm bound model
uncertainty. In: 5th IFAC Symposium on Robust Control Design,
Toulouse, 2006.

36. Jönsson U. Lecture notes on integral quadratic constraints. Techni-
cal Report Stockholm, Department of Mathematics, KTH 2000.

37. Adegbege AA, Heath WP. Two-stage multivariable antiwindup
design for internal model control constraints. In: 9th International
Symposium on Dynamics and Control of Process Systems, Leuven,
Belgium. 2010:276–281.

38. Heath WP, Wills AG. Zames-Falb multipliers for quadratic program-
ming. IEEE Trans Automatic Control. 2007;52:1948–1951.

Manuscript received Jun. 4, 2010, revision received Oct. 24, 2010, and final
revision received Dec. 21, 2010.

3472 DOI 10.1002/aic Published on behalf of the AIChE December 2011 Vol. 57, No. 12 AIChE Journal


